Abstract-The ergodic sum-rate capacity of a single-input single-output (SISO) OFDM downlink channel, with ¢ homogenous users scales as
I. INTRODUCTION
The demand for ubiquitous high rate data communication has motivated the development of efficient wireless communication techniques over the last decade. Multi-carrier techniques, and in particular, orthogonal frequency division multiplexing (OFDM) techniques, are known for their ability to combat inter-symbol interference (ISI) resulting from the need to communicate over wideband frequency selective fading channels. Their relative simple implementation and the emergence of low-cost power efficient high performance digital signal processors, turned OFDM into the ideal baseline for wireless communication standards such as IEEE 802.11a/g (WiFi) and the evolving IEEE 802.16 (WiMax).
A transmitter serving multi mobile terminals may use opportunistic scheduling exploiting the multi-user diversity effect to achieve higher communication rates. This idea is easily extended to multi-carrier systems where opportunistic scheduling may be done independently for each sub-carrier [2] . A difficulty in implementing opportunistic scheduling in the downlink, is the need to track the users channel state information (CSI) at the transmitter. Since the sub-channels needed to be estimated at the receivers and fed back to the transmitter, forms of limited feedback that reduce the overhead on the system resources are of interest.
Focusing on single-input single-output (SISO) setups, various methods to reduce the amount of feedback have been 1 This work was supported in part by NSF grant suggested recently for flat and frequency selective channels [3] [4] [5] . Nevertheless, these partial CSI schemes are based on feedback of an¨© real numbers, where denotes the number of sub-carriers. Making these partial CSI schemes even more economical, a 1-bit feedback per sub-carrier scheme was recently proposed in [1] . According to this scheme, for each sub-carrier a threshold is used for the users to compare their sub-carriers fade power levels to. Then each user feeds back the comparison bits result to the transmitter. It is shown in [1] for channels with uncorrelated taps, that with 1-bit feedback per sub-carrier for each of the users, and carefully selected thresholds, the achievable sum-rate demonstrates the same growth rate of as the full-CSI OFDM scheme. The analysis of the 1-bit feedback scheme presented in [1] (which is based on the analysis of a similar scheme [6] developed for single carrier SISO downlink systems communicating over flat channels) involves order statistics, resulting in an implicit expression for the ergodic sum-rate. Such an expression provides little insight into this problem. Indeed, the authors have to resort to numerical calculations to conclude the asymptotic behavior of the optimal thresholds. In addition, the authors apply tedious probability convergence tools to extract the asymptotic behavior of their result. Moreover, their approach is limited to the analysis of frequency selective channels which provides uncorrelated sub-channels gains in the frequency domain. This requirement leads to channels with i.i.d. taps in the time domain. Hence, long cyclic prefix should be used by the transmitter resulting in a large overhead of bandwidth and power.
The main contribution of this work is to introduce a simple analysis, which yields a closed form expression for the ergodic sum-rate of the 1-bit feedback scheme of [1] . This expression which is also valid for channels with taps that may be correlated in general, involves power allocation to sub-carriers using the long term channel statistics. Furthermore, a simple lower bound for this rate is also presented and a sub-optimal selection of the thresholds is shown to achieve asymptotically optimal performance and non-interference limited behavior when the number of users is large. Throughout this work, a homogenous model is assumed where all users share the same fading paths delays. This assumption, which is justified for setups where the main scatterers are located near the transmitting antenna, can somewhat be relaxed, and non-homogenous channels where users may experience different fading paths delays, are considered with some practical limitations.
The rest of the paper is organized as follows. In Section II the system model and the homogeneous channel model are presented. The 1-bit feedback per sub-carrier per fading block scheduling is described in Section III. Section IV summarizes the results of the full-CSI scheme. An expression for the ergodic sum-rate of the 1-bit feedback scheme is derived in Section B while an asymptotic analysis of this rate for large number of users and high-SNR regime is presented in Section VI. Numerical results are summarized in Section VII. The results are extended to include a non-homogenous model in Section VIII. Finally, a short discussion and some concluding remarks are elaborated in Section IX. Various derivations and proofs are included in the Appendices.
II. SYSTEM MODEL
The downlink channel of a single isolated cell setup in which single-antenna base station transmitter is communicating with a single-antenna mobile users, is considered. We adhere to a homogeneous model where all the channels between the transmitter and the different users have identical path delays and path gain variances, which are assumed to be constant and known to both the transmitter and receivers. The channels are assumed to be i.i.d. among users, and their impulse responses are approximately constant during the coherence time of the channels which is assumed to be much longer than the respective delay spreads. The impulse response coefficients of each channel are zero-mean complex Gaussian random variables which may be correlated in general and form an ergodic process in the time index. The reader is referred to Appendix A for a detailed analysis of the channel statistics. Lastly, the zero-mean complex Gaussian additive noise processes of the channels are assumed to be i.i.d. among different users and "white" across the relevant frequency band. To combat the frequency selective channels, OFDM modulation with sub-carriers is used. The system is properly designed (with adequate cyclic prefix) in a way that inter-carrier interference (ICI) and ISI are avoided.
Accounting for the underlying assumptions, and following proper cyclic prefix removal at the receiver and discrete Fourier transform (DFT) operation, the received vector of the . The frequency domain additive noise G I vector is denoted by . The users are fully aware of only their own CSI and use a delayless reliable uplink channel to feed back their partial CSI to the base station transmitter.
III. SCHEDULING SCHEME According to the 1-bit feedback per sub-carrier scheme: 1) For each fading block (that could span over several OFDM symbols), each user feeds back bits, where the th feedback bit of the , where the latter is selected to satisfy the overall power constraint. Finally it is noted that since during each fading block, only one user is active for each sub-carrier, a single user encoding-decoding scheme is employed across many fading blocks (and many OFDM symbols).
IV. PRELIMINARIES
According to a similar scheme, but with full-CSI available to the transmitter, for each fading block, all users feed back their received power level for each sub-carrier. It is well known, that the capacity achieving scheduling of the full-CSI setup is for the transmitter to pick, for each sub-carrier, the user with "best" channel for transmission with power c (the amount of power is selected to meet the overall power constraint) using a complex Gaussian codebook [2] . Next, the selected user indices vector, , are fed back to the users prior to the data transmission. Using the observation that the maximum of j I i.i.d. chi-square random variables with two degrees of freedom is approximated by with high probability [7] , it is shown in [8] , that for j I
, the ergodic sum-rate capacity per sub-carrier of the full-CSI OFDM system is given by 
The solution to this standard optimization problem is given by waterfilling it is concluded that the ergodic sum-rate capacity of the full-CSI scheme grows as asymptotically with the number of users.
Examining (3) and adhering to similar argumentation regarding the channel statistics, it is concluded that waterfilling has little effect at the high-SNR regime, and uniform power allocation is optimal. In this case the high-SNR ergodic sumrate capacity slope [9] of the optimal full-CSI scheme is given by 
and for uniform power allocation the lower bound is given by (17) it is concluded that the ergodic sum-rate of the 1-bit feedback¦ § I
where the second equality is justified by adhering to similar argumentation as made for the full-CSI scheme regarding the channel statistics, and claiming that the waterfilling solution of (14) has little effect at the high-SNR regime. Hence, the uniform power allocation solution of (15) is optimal in the high-SNR regime. The third equality is derived by applying the limit to (15). Finally, by recalling (11) and (17), it is concluded that the high-SNR ergodic sum-rate slope of the 1-bit feedback scheme approaches the high-SNR sum-rate capacity slope of the full-CSI scheme (5) asymptotically with the number of users.
VII. NUMERICAL RESULTS
In figure 1 , curves of the average spectral efficiencies per sub-carrier 3 of the analyzed setups as a function of the average transmitted sub-carriers the cutoff index is around the 90th sub-carrier). Figure 1 includes the following spectral efficiencies curves: (a) full-CSI scheme with optimal power allocation (expression (2)), (b) full-CSI scheme with uniform power allocation (expression (4)), (c) 1-bit feedback scheme with uniform power allocation and optimal thresholds (expression (8) [bit/sec/Hz]), due to the limited 1-bit feedback, when compared to the sum-rate capacity of full-CSI scheme. Note that the actual loss may be smaller since the spectral efficiency of the 1-bit feedback scheme with uniform power and optimal thresholds is obviously a lower bound to the ultimate sum-rate achieved 3 The average spectral efficiency per sub-carrier in [bits/sec/Hz], expressed as a function of the system average transmit by the 1-bit feedback scheme. It is also observed that the optimal power allocation by waterfilling is beneficial only in the low-SNR regime. Finally, both schemes with full-CSI and 1-bit feedback, demonstrate a multiuser diversity gain when compared to the spectral efficiency of the reference AWGN channel.
VIII. NONHOMOGENEOUS CHANNEL MODEL
In previous sections a homogenous model was considered (see Appendix A). According to this model, all users experience identical fading paths delays. Moreover, the average powers of the paths gains are also identical for all users. In this section, the strict assumptions are relaxed, and both paths delays and gains are no longer assumed to be equal for all users. However, the total average power of the paths gains remains equal for all users, i.e., are its corresponding gains average powers. It is noted that although the paths' delays are no longer identical, it is expected that they do not vary significantly since it is assumed that the main scatterers are located near the transmitting antenna.
Since in real life scenarios different systems share adjacent frequency bands, emerging OFDM based systems such as IEEE 802.16 based systems, do not allocate power to near Nyquist sub-carriers, in order to reduce the mutual interference. One of the conclusions of Appendix A, is that regardless of the actual path delay, and assuming that the shaping pulse span is properly chosen, each path provides a "flat" contribution to the overall sub-carrier average power gain vector over the pass-band frequencies. Hence, by utilizing sub-carriers which lie in the pass-band only, the effective subcarriers average gain powers are practically constant and equal , can be adjusted by a proper selection of the rolloff factor of the raised-cosine shaping pulse.
Accounting for the above assumptions and restrictions, it is obvious that uniform power allocation (over the active subcarriers) , are optimal. Respectively, the ergodic achievable sum-rate per active sub-carrier of the 1-bit feedback scheme, is derived by substituting (20) into (8) , and is given by
IX. CONCLUSIONS
In this paper we analyze the ergodic sum-rate of the 1-bit feedback per fading block per sub-carrier scheme presented in [1] for a SISO downlink channel. It is concluded that the scheme which significantly reduces the feedback needed when compared to the feedback needed for the full-CSI scheme, achieves asymptotically with the number of users, optimal sum-rate growth and non-interference limited behavior. Achieving the same high-SNR sum-rate capacity slope as the one achieved by the optimal scheme, demonstrates the special case encompassed by the SISO setup, in which the high-SNR sum-rate capacity slope (or degrees of freedom) may not decrease when partial CSI is available to the transmitter. This fact comes in contrast to the behavior of a MIMO setup, where it has been recently shown that partial CSI reduces the high-SNR sum-rate capacity slope [12] . Finally, numerical results show that for an appropriate thresholds selection, and even for a moderate number of users, the scheme demonstrates a spectral efficiency loss of fraction of [bit/sec/Hz] when compared to the fully informed scheme, and that optimal power allocation provides little benefit (only at low-SNR values) for the channel model considered.
APPENDIX

A. Channel Statistics
The equivalent channel impulse response (assuming perfect symbol and block synchronization between the transmitter and receivers) is given for an arbitrary user and fading block by s is the original delay spread of the channel) and the cyclic prefix should be set accordingly. It is noted that signal shaping is used by OFDM system in order to reduce the transmission side-lobes and to mitigate the interference to other systems operating over adjacent frequency bands. At the receivers end, the same pulse is used for match-filtering the incoming signal. Accordingly, in the current setup, a truncated and shifted square-root raised-cosine function is used, resulting in the equivalent truncated and shifted raised-cosine function of (23). 
B. Ergodic Sum-Rate Derivation
According to the 1-bit feedback scheme described in Section III, the power allocation and threshold vectors depend on the long term statistics of the channel (and not on the instantaneous CSI), and are predetermined. In addition, at any time instance, no more than one user is active in each sub-carrier. Assuming an independent single user encodingdecoding scheme for each user on each sub-carrier over many OFDM symbols (and many fading blocks), the ergodic sumrate achieved when the th sub-carrier is active is given by (31) where¯© ÿ is defined by (7). Finally, summing over all the rates of all sub-carriers and maximizing the total sum-rate by allocating the constrained power W to the sub-carriers, complete the derivation. 
